Existence of the sp-d hybridization of the valence band states of the fcc Ca and Sr in the vicinity of the Fermi level indicates that their electronic wave function can have a multi-reference (MR) character. We performed a wave function-based correlation treatment for these materials by means of the method of increments. As oppose to the single-reference correlation treatment (here: coupled cluster), which fails to describe cohesive properties in both cases, employing the MR averaged coupled pair functional one can achieve almost 100 % of the experimental correlation energy.
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In this approach, a periodic HF calculation is followed by a many-body expansion of the correlation energy, where the individual units of the expansion are either atoms or other domains of localized orbitals [20] . Calculations based upon the method of increments have been performed on a variety of solids with band gaps (for a review, see Ref. [13] ). In the previous publications [21] [22] [23] [24] [25] we have shown that the incremental scheme, after some reformulation, can also be applied when considering metals. In the systems studied so far the degeneracy at the Fermi level was not so high and a single-reference (SR) quantum-chemical treatment (here: CC) was therefore still sufficient. The questions arises how one should deal with systems where a SR treatment breaks down, i.e. the strongly correlated cases with high degeneracy at the Fermi level.
The first publication considering such a situation is related to the correlation energy of a metallic Li-rings [26] .
Later an embedding scheme was suggested for three-dimensional lithium relying on pairs of atoms [27] . However, up to now there was no systematic application of the multi-reference (MR) incremental scheme to evaluate cohesive properties of a bulk metal. Here we perform such a study taking calcium and strontium as examples.
Under normal conditions calcium and strontium crystallize into highly symmetric close packed structure with one atom per unit cell, a face-centered cubic (fcc) structure [ Figure 2 (a)]. These metals are electronically fairly simple: below the Fermi level (E F ) the electronic bands are practically free-electron-like, while the broad and almost unoccupied d bands are slightly above E F . As a consequence, near E F the electronic wave functions are modified by hybridization with the d bands. The aim of the present study is to check whether single-reference treatment is still sufficient as degree of sp-d hybridization is rather low [28] and to investigate how MR incremental scheme will behave in such a case.
II. THEORETICAL AND COMPUTATIONAL DETAILS A. Method of increments for metals
The method of increments combines HF calculations for periodic systems with correlation calculations for finite embedded fragments, reflecting the lattice structure of the system under study, and the total correlation energy per unit cell of a crystal is written as a cumulant expansion in terms of contributions from localized orbital groups of increasing size: 
Here, the summation over i involves orbital groups located in the reference cell, while those over j and k include localized orbital groups from all the centers of the crystal. The ε i (one-body increment) is computed by considering excitations only from the i-orbitals, freezing the rest of the solid at the HF level. The non-additive two-body contribution is defined as ∆ε ij = ε ij − (ε i + ε j ) where ε ij is the correlation energy of the joint orbital system (ij). Higher-order 3 increments are defined in an analogous way. A detailed description of this approach can be found in Ref. [13] In this section we outline briefly how this method can be applied for the calculation of ground-state properties of metals.
The presence of well-localized orbitals is a precondition for the applicability of local correlation schemes. For metals, however, it is no longer possible to generate well-localized Wannier orbitals by unitary transformation within the occupied HF space. To overcome this difficulty it has been suggested to base the incremental expansion on a well-localizable model system rather than on the real metal and to allow for delocalization (and thereby approach the real metal) only gradually within the various levels of the many-body expansion [29] . The related procedure, allowing to localize the orbitals in metals, consists of several steps. Firstly, one performs preliminary HF calculation with a minimal valence basis set for the whole cluster consisting from the atoms to be correlated (in the centre of the cluster) and the embedding atoms (see Sec. II C). This way, delocalization is avoided and no metallic character can be described. However, each atom still has its correct crystal surroundings with respect to the electrostatic interaction.
Due to the neglect of any metallic character one can use standard procedures to localize the orbitals. The resulting set of localized orbitals contains both the embedding orbitals which are centered at the embedding atoms and also the orbitals located at the atoms which are to be correlated. Therefore, in the next step, one separates between the orbitals of the central region and the embedded ones and supplies on the atoms to be correlated an extended basis set.
After recalculating the integrals and performing SCF calculations for the central part of the cluster, one can use the reoptimized orbital set in correlation calculations with any size-extensive method. For further details, see Ref. [29] .
B. Multi-reference incremental scheme
Within the MR approach, the correlation energy is partitioned into a complete active space self-consistent field The incremental expansion looks formally identical to the single-reference case, but the correlation treatment to determine, e.g., the one-body increment, ε i , is different. The reference energy is the single-reference HF energy of the system. The static correlations within the occupied and unoccupied orbitals of centre i are calculated on a completeactive-space CI level where the active space is built up from the orbitals at centre i. The dynamic correlations are to be treated on top of the CASSCF wave function with a MR correlation method. Excitations are possible into the whole delocalised virtual space.
Step by step more orbital groups are correlated simultaneously and the increments are calculated according to Eq. 1. In the case of metallic systems, one is dealing with two types of contributions to the electronic correlations: The short-range part, which can be treated with the multi-reference version of the method of increments, and the long-range fluctuations, which are determined by a charge screening and can be approximated by a random-phase approximation [30] . The latter was not performed in the present study.
An important issue is the choice of the quantum-chemical method to be used for evaluating the increments. In the incremental scheme the total correlation energy is divided into individual contributions and it is therefore important that the correlation method applied is size-extensive. For the SR case a variety of size-extensive methods is available, especially the CCSD(T) method [31] is widely used and yields very good results for the correlation energy. For the MR case the problem exists, that the available multi-reference correlation methods are not strictly size-extensive. The MCSCF part of the calculations, which corresponds to a full CI in a restricted space with optimization of the orbitals, is still size-extensive. The problem arises for the correlation treatment performed on top of it. In order to achieve an approximate size-extensivity, there are two possibilities: One is a correction of the correlation energy obtained with MRCISD after the CI calculation. The two most common corrections are by Davidson [32] and by Pople [33] .
A more elaborate correction is proposed by Gdanitz and Ahlrichs [34] . There the correction takes place within the CI iterations themselves. In our studies we have use the MR averaged coupled pair functional (MRACPF) [34] , an approximately size-extensive MR correlation method, as it is implemented in the program package MOLPRO [35, 36] , where it can be used with different separation of internal and external space. According to our tests performed for 
III. RESULTS AND DISCUSSION
A starting point for the treatment of the many-body correlation effects in solids is a reliable HF self-consistentfield result for the infinite system. Such data for Ca and Sr, i.e. the HF cohesive energies (E HF coh ), can be found in the literature [28] and are −0.58 eV/atom and −0.44 eV/atom, respectively. These data significantly underestimated relatively to the experimental values of −1.84 eV/atom [40] and −1.72 eV/atom [40] known for Ca and Sr, respectively.
The cohesive contribution of the one-body increment is defined as the difference between the correlation energy of the embedded atom (ε i ) and the free atom (E corr free ): ∆ε i = ε i − E corr free . The basis set superposition error was corrected by applying the counterpoise method, [41] considering 42 ghost atoms. For both systems under study, the one-body contributions are small and repulsive: ∆ε i (Ca) = 87 meV and ∆ε i (Sr) = 24 meV (see also Tables I and II) .
The incremental expansion makes sense only if the number of non-negligible terms is sufficiently small, i.e. if the number of centers to be treated simultaneously for determining non-additive corrections is, say, three or four at most, and if the magnitude of all these corrections decreases rapidly with increasing spatial distance between the centers.
Before checking whether the incremental expansion fulfils these convergence criteria, one has to define the increments. b The rest of the three-body increments.
The two-body increments may in principle be simply defined by a distance cutoff as given in Table III, Table I ) and from −1.839 eV (for CCSD) to −2.896 eV (for MR-ACPF) in the case of Sr (see Table II ).
For the higher-order increments the choice of cutoff criteria is more complicated. When adopting the same criteria as in the case of the two-body increments, one gets 48 different three-body clusters with metal-metal distances in the central part, which are not longer than 2a, where a is the lattice constant of the fcc Ca or Sr. Central parts of the most compact and most expanded three-body clusters are shown in Figure 4 (a) and (i), respectively. As expected, all individual three-body increments are smaller in magnitude than the corresponding two-body increments in the incremental expansion. Even the sum of all three-body increments is smaller than the sum of the two-body. It is important, that difference between the individual correlation-energy increments computed with CC methods and MRACPF is not higher than 10 meV (for the most compact arrangements). However due to the large weight factors the total three-body sum varies significantly with the method employed (see Tables I and II) .
The correlation energy, ε ijk , depends strongly on the compactness of the three-body cluster. As follows from Figure TABLE III: Definition of the two-body increments for Ca and Sr. The two-body increments are ordered by distance within the fcc lattice as given in Figure 2 (a). The distances are given both in units of a, the lattice parameter, and inÅ (at the experimental lattice parameters). Weight factors show how often the individual increments occur in the considered structure. ∆ε ijk obtained with the MRACPF which is lower than 2 % (compare " ∆ε a ijk " and "Total ∆ε ijk " in Tables I and II, for Ca and Sr, respectively). This means that it is not necessary to use the same cutoff criteria for the second and third order increments and only those of the groups A, B, and C have to be taken into account in the latter case.
[Note: The situation is different at the CC level. Here the members of the group D contribute with at least 30 % (for the CCSD) to the total sum of three-body increments].
The fourth order increments are of course much more numerous. Adopting the same cutoff criterium as in the case of the two-body terms, one would obtain 71 structures to be considered. However, taking into account our conclusion regarding the convergence of the three-body increments, we have restricted the examination of four-body increments to the cases containing r N N = a/ √ 2. Among them are: (i) connected structures, where r 12 = r 23 = r 34 = a/ √ 2 [e.g. the distance between the fourth atom and one of the three connected atoms is not longer than the lattice constant a [e.g. Figure 6 (j,k)], 12 in total, referred to as [3]+1 further in the text; (iii) structures, where 4 atoms are connected by pairs and distance between pairs is not longer than the lattice constant a [e.g. Figure 6 (l-n)], 6 in total, referred to as [2] + [2] further in the text. As can be expected, ∆ε [4] ijkl > ∆ε (Tables I and II) . The same is true for the individual contributions belonging to these groups. The absolute values of the individual increments are smaller than the related three-body terms independently on the group and the method employed.
In Figure 7 correlation energies, ε [4] ijkl , as well as the corresponding non-additive four-body contributions, ∆ε [4] ijkl , are plotted as functions of the size of the considered clusters. As in the case of the three-body contributions, the weight of the static correlations increases with decreasing number of nearest-neighbor distances (r N N = a/ √ 2) within one structure. Since in the case of the four order increments we are focusing only on compact structures, the MCSCF energy covers 70-76 % of the MRACPF result as it was observed for the compact three-body cases. Comparing contain by definition not more than 3 nearest-neighbor distances, the related contributions are small and the sums are non-negligible only due to the high weight factors associated with the most compact members of each group. It is interesting to note, that while ∆ε [4] ijkl < 0, the related contributions from the [3]+1 and [2]+ [2] are repulsive. Though consisting approximately one-third of the corresponding four-body sum, these two groups cannot compensate negative contribution ∆ε [4] ijkl obtained with the CC methods. The resulting four-body sum is thus too high in [4] ijkl and ∆ε magnitude and ∆ε ijkl > ∆ε ijk or ∆ε ijkl ≈ ∆ε ijk in the case of CCSD(T) or CCSD, respectively. At the MRACPF level this convergence criterium is, however, satisfied and ∆ε ijkl consists less than 10 % of ∆ε ijk .
Taking into account the failure of convergence in the case of the SR methods tested in this work, for further analysis as well as comparison of the calculated and experimental cohesive energy we focus only at the data obtained with the MR approach. In the discussion above we have shown how the static and dynamic correlations contribute to the individual increments of the same order. Now we can compare their contributions to the total sums (see Tables I and   II as well as Figure 8) . Thus, the importance of static correlations grows with the order of the increments. ∆ε ij is determined by dynamic correlations and multi-configurational constituent is very small in this case. Contrary, the MCSCF contribution to the three-body term is large and attractive that is due to an increase of the metallic character when turning from the two-body clusters to the three-body ones. The contribution of dynamic correlations to the three-body term evaluated at the MRACPF level is repulsive, allowing to compensate the overestimation at the two-body level. The latter is due to the too local character of the wave function evaluated at the two-body level as compared to the one of the real metal. Overall, at this stage, i.e. after accounting for the third order correction, one gets a balanced description of metallicity and electron correlation in the studied systems. Consequently, the four-body term is small due to the cancellation of (small) repulsive and attractive non-additive contributions.
It is interesting to note, that due to the growing metallic character when going from the studied earlier group 12 metals [24, 25] and Mg [22, 23] to Ca and Sr, the role of non-compact increments is increased. Thus, in the former case it was sufficient to consider only compact three-body structures which are shown in Figure 4 (a-h), whereas in the present work the amount of the three-body clusters considered is significantly increased in order to achieve Overall, summing up all correlation contributions obtained with MRACPF and addition of the corresponding HF values allows to achieve very good agreement between computed and experimental cohesive energies for both Ca and Sr (Figure 8) , covering approximately 97 % of the experimental correlation energy for the both studied systems. Our estimate for errors due to truncation of the incremental expansion is about ±3 %. A basis set extrapolation at the correlated level would yield an increase of the cohesive energy by about 1-2 %. Also the basis set limit is probably not reached at the HF level, so we can expect a change of the HF cohesive energy by 1-2 % as well.
IV. CONCLUSIONS
We have applied an incremental scheme to calculate correlation energy of the bulk metals -calcium and strontium.
In the case of metals, the incremental expansion is based on a well-localizable model system rather than on the real metal and to allow for delocalization (and thereby approaching the real metal) only gradually within the various levels of the many-body expansion. This approach makes sense only if the number of non-negligible terms is sufficiently small. At the coupled-cluster level the usual criterion for the convergence of the incremental scheme is not fulfilled as the sum 14 of three-body increments is, at best, comparable in magnitude with the corresponding fourth order correction. Thus, both the CCSD method and the augmented CCSD(T) theory, forming a wave function through excitations from a single reference Slater determinant, fail to describe calcium and strontium as the related wave functions include several determinants contributing with comparable weights. Consequently, the situation is much better when dealing with an approximately size-extensive multi-reference correlation method, the averaged coupled pair functional. Overall, one gets a balanced description of metallicity in the studied systems at the levels of three-body increments. Although three-body increments are as high as 60 % of the sum of two-body terms, four-body increments are 8 times smaller.
Summing up all correlation contributions obtained with MRACPF, one gets almost full amount of the experimental correlation energy.
